In this work the position, velocity and acceleration analyses of a four-degrees-of-freedom serial manipulator are approached mainly by means of the theory of screws. Closed-form solutions are easily obtained for the displacement analysis of the mechanism owing the decoupled action of the generalized coordinates, while the input-output equations of velocity and acceleration of the manipulator are systematically obtained by means of the theory of screws. A case study is included with the purpose to exemplify the application of the method.
Introduction 1 23
Screw theory is a trusted and confident mathematical resource to address the spatial kinematics of rigid body. In 1830 Chasles introduced the concept of twist motion of a rigid body which was deeply developed by Poinsot while the notion of screw coordinates was introduced by Plücker. Formally, the mathematical framework was developed by Ball (1900) with the purpose to approach the kinematics and statics of rigid body. Two decades later von Mises (1924a Mises ( , 1924b published his Motor Calculus where the general equations of motion of rigid body are established based on the so-called motor product. Applications of screw theory concerned mainly with the so-called first-order analysis of rigid body have been widely reported in the literature ranging from projective geometry, screw systems, statics, synthesis, theory of extension and so far. However, the acceleration analysis using exclusively screw theory was unlooked for many years due, perhaps, to the difficulty to express in screw form the accelerator introduced by Brand (1947) and applied by Sugimoto (1989 Sugimoto ( , 1990 in the kinematics of robot manipulators. Thus it is not surprising that for a long time some kinematicians have assumed that screw theory cannot be employed to handle the higher-order kinematics of mechanisms. In fact, by the time it was believed that screw theory will be confined to the first-order analysis of rigid body. It was almost two decades ago when Rico and Duffy (1996) published a remarkable contribution entitled "An application of screw algebra to the acceleration analysis of serial chains" that screw theory was recognized as a viable option to approach the higher-order kinematic analyses of open and closed chains. However, even though the rigorous mathematical procedures employed in such contribution, the material exposed was bitterly disappointed by some kinematicians who claim that screw theory would not be extended to the acceleration analysis.
In this work as a little proof of the potential of screw theory in the analysis of open chains, the infinitesimal kinematics of a fourdegrees-of-freedom serial manipulator is investigated by resorting to screw theory. For the sake of completeness, the displacement analysis of the robot is also included. Numerical examples are included in order to show the application of the method. dimensional vector given by $ = ( , ), where is named the primal of the screw, ($) = , and denotes the direction of the line. Usually the primal part is a unit vector of course along the instantaneous screw axis (ISA). While is named the dual part of the screw, ($) = , and involves the moment produced by vector around the reference pole . The vector is calculated as follows
Therein is the pitch of the screw while is a vector directed from an arbitrary point of the ISA to the reference pole . Conveniently, the reference pole is chosen as the origin of the reference frame in order to simplify the Plücker coordinates. In a revolute joint the pitch vanishes yielding $ = ( , × ), while in a prismatic joint the pitch goes to infinity yielding $ = ( , ). Furthermore, any lower kinematic pair may be modeled combining revolute and/or prismatic joints, e.g. a spherical joint may be modeled as three concurrent revolute joints while a cylindrical joint is modeled as the combination of one prismatic joint with one revolute joint.
The Lie algebra ( ) of the Euclidean group ( ) is the set of elements of the form $ = ( , ). Let $ = ( , ), $ = ( , ) and $ = ( , ) be three elements of the Lie algebra ( ). Furthermore, consider that , , . Concerned with the contribution, the Lie algebra supports the following operations
Multiplication by a scalar, $ = ( , )
Furthermore, the Lie products has the following properties
The representation of the kinematic states of a rigid body, as observed from another body or reference frame, has been a topic that has attracted the attention of kinematicians since many years ago. In fact, it dates back to the pioneering contribution of Ball (1900) . The velocity state, or twist about a screw, of rigid body was defined by Ball (1900) as a six-dimensional vector given by
where is the angular velocity vector of the body while is the linear velocity vector of a point embedded to it. Almost four decades after the contribution of Ball, a representation of the acceleration state of rigid body was proposed by Brand (1947) as follows
where denotes the angular acceleration of the vector while denotes the linear acceleration vector of point .
It is interesting to note that the primal part of the acceleration state is obtained directly as the time derivative of the primal part of the velocity state, i.e.
Thus, at this moment a natural question arises, why don't occur the same for the dual part of the acceleration state? The answer to this query can be found in the heart of the theory of helicoidal vector fields, for details the reader is referred to Gallardo-Alvarado et al (2008) . Consider an open kinematic chain as shown in Fig. 1 , where adjacent bodies are connected by means of infinitesimal screws also known as helical pairs. The velocity state of the end-effector as measured from the base link may be expressed in screw form, see for instance Sugimoto and Duffy (1982) , as a linear combination of the involved screws as follows
where +1 denotes the i th joint-rate velocity between adjacent bodies i and i+1. By the time, the usefulness of Eq. (5) in robot kinematics was immediately recognized by engineers and scientists; however its extension to the acceleration analysis remained as an open problem for more than one decade. Certainly, the difficulty to express in screw form the acceleration state of kinematic chains was considered as one of the main drawbacks of the theory of screws. It was in 1996 when Rico and Duffy (1996) introduced the following equation
where ̇+ 1 denotes the i th joint-rate acceleration between adjacent bodies, i.e. ̇+ 1 = ( +1 ), while was named the Lie screw of acceleration and it is calculated according to the jointrate velocities of the serial chain as follows
For clarity, unlike the equation of velocity state in screw-form, in the contribution the six-dimensional vector is written explicitly. Equation (6) was named by Rico and Duffy (1996) as the reduced acceleration state. After the publication of that theoretical paper, screw theory was recognized, unfortunately only by a reduced number of kinematicians, as a viable option to approach not only the acceleration analysis but also the jerk analysis (Rico et al, 1999) and the hyper-jerk analysis of robot manipulators (Gallardo-Alvarado, 2014) . Equation (7) has been proved successfully in a wide variety of parallel manipulators. The relevant results of such analyses were reported in several indexed journals by the author of this contribution, see for instance Gallardo-Alvarado et al (2011) , Gallardo-Alvarado (2012) , Gallardo-Alvarado and García-Murillo (2013) . In this occasion in order to show the viability of the theory of screws in the kinematic analysis of robot manipulators, a fourdegrees-of-freedom open kinematic chain is chosen as the robot under study.
Description of the Mechanism
The topology of the robot manipulator under study, and its geometric scheme, is outlined in Fig. 2 . The spatial mechanism is composed of an extendible limb formed with two bodies labeled and connected by means of a cylindrical joint where the translation of body with respect to body is represented by means of the screw $ ̅̅̅̅̅̅ while the rotation between the same bodies is represented by means of the screw $ . Furthermore, the orientation of the limb is controlled through the angles ∅ and . On the other hand, in order to improve the performance of the original telescoping antenna, an additional freedom was added to the mechanism through the rotational angle between bodies and . In other words the prismatic joint of the original mechanism was replaced with a cylindrical joint. The generalized coordinate is added to the manipulator with the purpose to increase the mobility of a possibly body attached to body , e.g. a gripper.
Displacement Analysis
Let be a reference frame with associated unit vectors ̂̂̂. Furthermore, let = ( , , ) be the control point of the manipulator.
The inverse displacement analysis is formulated as follows. Given the coordinates of point it is required to determine the orientating angles and ∅, and the length of the antenna. The length is directly computed as
After, the angle ∅ is obtained in the range (0, ) as
In order to find the angle consider that the revolute joint connecting bodies and constraints the position of point in such a way that
Where ̂= sin( )̂+ cos ( )̂ and ̂ / is a unit vector pointed from to while the dot (•) denotes the dot product of usual three-dimensional vectorial algebra. Thus it follows that the angle must satisfy the relationship tan (− ) = / . Hence in terms of the standard arctan function, whose range is (− 2 , 2 ), the angle is obtained as 
On the other hand, the forward displacement analysis consists of finding the coordinates of point given the generalized coordinates ∅, and . This analysis is straightforward. Indeed
According to Eq. (12) it is possible to conclude that there are coupled motions of the generalized coordinates , ∅ and in order to obtain a specific position for point .
Velocity Analysis of the Serial Manipulator
Let 0 be the angular velocity vector of the end-effector as measured from the base link 0 and let be the velocity of a point of the body which is instantaneously coincident with the origin of the reference frame . According to Eq. (5) the velocity state of body as measured from body 0, the vector 0 , is given in screw form as follows
Where, taking into account that point is chosen as the reference pole, in Plücker coordinates the infinitesimal screws of the robot are computed as
On the other hand, in order to satisfy the rank of the Jacobian matrix spanned by the infinitesimal screws two virtual, or imaginary, prismatic joints, along the and axes passing through point , are added to the serial manipulator. Hence Eq. (13) becomes into
Where 1 = 2 = 0 provided that these joint-rates are associated to virtual prismatic pairs. The screws $ 1 and $ 2 are given in Plücker coordinates as follows
After, Eq. (14) may be rewritten in a compact form as follows
is called the screw-coordinate Jacobian matrix of the manipulator while is the identity matrix of order 6. Furthermore vector ̇= [̇∅̇̇̇1 2 ] is named the first-order driver of the robot. Equation (15) is called the input-output equation of velocity of the manipulator.
The forward velocity analysis consists of finding the velocity state 0 given a set of generalized speeds {̇∅̇̇}. It is evident that this analysis is free of singularities since det( ) = 1 for any posture of the mechanism. On the other hand, the inverse velocity analysis of the manipulator consists of finding the generalized speeds given the six-dimensional vector 0 . Unlike, the forward velocity analysis, the inverse velocity analysis is not free of singular configurations. In fact, taking into account that det( ) = − sin(∅) cos (∅), the manipulator falls into a singulari ty when sin(∅) cos(∅) = 0, e.g. when ∅ = 0 or ∅ = /2. It is worth to note that the generalized coordinate is not responsible to fallescape the manipulator from singular postures, if the manipulator confirms, as concluded by Waldron et al (1985) , that in a serial manipulator the kinematic pair connecting the open chain to the base link is not responsible of the feasible singularities of the serial manipulator. On the other hand, it is evident that the manipulator at hand cannot perform arbitrary velocity states owing the loss freedoms of it, consider for instance that the coordinates and are related through Eq. (10). Finally, according to Eq. (13) 
Furthermore, using elementary kinematics the velocity of point is computed as
where / is a vector pointed from point to point . Hence one obtains
= [−̇sin(∅) sin( ) − ∅̇cos( ) cos(∅) + sin(∅) cos( )]̂+ [ ∅̇sin(∅) +̇cos(∅)]̂+ [−̇sin(∅) cos( ) + ∅̇sin( ) cos(∅) − sin(∅) sin( )]̂
Equations (17) and (18) indicate that given the velocity state of the end-effector, taking point as the reference pole, there are six equations available to compute the four generalized speeds of the robot. The limitations of mobility of the manipulator are evident owing the dependency between such equations. In fact the endeffector of the robot cannot undergo arbitrary velocity states. For example, concerned with the velocity of point the architecture of the manipulator is such, see Eq. (10), that ̂• / = 0. Hence upon the time derivative of such constraint it follows that Eq. (18) is restricted to satisfy the expression cos = sin . The available motions of the antenna may be easily explained if one consider that the orientation of the antenna is controlled by means of the three independent angles , ∅ and and therefore the knob can adopt arbitrary orientations as observed from the base link while, according to the limitations of the manipulator, only one translation of point can be selected freely.
Acceleration Analysis of the Serial Manipulator
Let 0 be the angular acceleration vector of the end-effector as measured from the base link 0 and let 0 be the acceleration of a point of the body which is instantaneously coincident with the origin of the reference frame . According to Eq. (6), the reduced acceleration state of body as measured from body 0, the vector 0 , is given in screw form as follows
Where the Lie screw of acceleration, see Eq. (7), is given by
Furthermore, due to the fact that the joint-rate velocities 1 and 2 vanish, then the Lie screw of acceleration is reduced to
After, the input-output equation of acceleration of the manipulator may be re-written, see Eq. (19), as follows
where ̈= [̈∅̈̈̈̇̇] is called the second-order driver matrix of the manipulator. Evidently it follows that ̇= = owing that these joint-rate accelerations are associated to fictitious kinematic pairs.
Once the velocity analysis of the manipulator was solved, the forward acceleration analysis of the kinematic chain consists of finding the reduced acceleration state 0 given a set of generalized accelerations {̈∅̈̈}. On the other hand, the inverse acceleration analysis consists of finding the generalized accelerations given the six-dimensional vector 
Numerical Example
In order to show the application of the method, in this section a case study is reported.
The first part of the example is devoted to the forward kinematics of the mechanism. To this end, using thorough the numerical example SI units, consider that in the reference configuration the generalized coordinates of the manipulator are given by = / , ∅ = / , = .
. Furthermore, consider that upon the home position of the manipulator we have a constant angular velocity ̇= while the generalized coordinates of the manipulator are commanded to follow periodical functions given by ( ) = sin( ) cos( ) , ∅( ) = sin( ) , ( ) = sin ( ) /5 (27) where the time is confined to the interval 0 < < 2 . Thus in the home position of the robot when = 0, the coordinates of point are obtained as = (0.217,0.713, −0.079). With these data it is required to determine the temporal behavior of point . The involved equations in the solution of the forward position, velocity and acceleration analyses were translated into a Maple12 sheet. The relevant plots thus obtained are provided in Fig. 3 .
Using screw theory
Using ADAMS © Furthermore, in order to verify the numerical results obtained via screw theory, the forward kinematics of the numerical example was carried-out by means of a different approach such is the application of commercially available software like ADAMS©. For a rapid comparison between both strategies the plots generated with ADAMS© were added to Fig. 3 . The virtual prototype is shown in Fig. 4 . The next part of the exercise is dedicated to the inverse kinematics of the manipulator. To this end, it must be taken into proper account that the manipulator at hand is a limited-dof serial manipulator, i.e. the vectors contained in the velocity state are dependent vectors each other. Thus, it is necessary to select properly the task assigned to the end-effector. One feasible selection is to assume that point can adopt arbitrary positions with respect to the base link. With these assumptions in mind it is desired that upon the home position of the antenna, i.e. when = ( . , . , − . ), point = ( , , ) is commanded to follow periodical functions given by 
keeping a constant orientation of body with respect to body , e.g. ̇= 0. With these data it is required to compute the generalized coordinates, and their time derivatives, that allow the manipulator to perform the assigned task.
The extendible length is computed directly from Eq. (8) while the angles ∅ and are calculated, respectively, by means of Eqs.
(9) and (11). Furthermore, the generalized speeds and accelerations are obtained based on the first and second time derivatives of Eqs. (28). Figure 5 shows the plots of the obtained simulations.
In order to exemplify the mobility limitations of the manipulator concerned with the virtual prototype realized with ADAMS© the following trajectories were imposed to point of the knob: three rotations + , three rotations + , three rotations + . All the imposed trajectories were successfully performed by the manipulator. However, when additional conditions were assigned to point , e.g. three rotations+ + , the simulations with ADAMS© fail invariably. 
Conclusions
"Unfortunately, screw theory is usually explained following descriptive definitions rather than short axiomatic lines of reasoning", Minguzzi (2013) .
"Screw theory allows simple geometrical interpretation, but it is restricted to speed and infinitesimal displacement analysis", Legnani et al (1996) . Comments like the above given can be found in the specialized literature. In this work, the kinematics of a four-degrees-of-freedom serial manipulator employed as an actuating mechanism for a telescoping antenna is investigated by means of the theory of screws. Simple equations in closure form are easily obtained to solve the displacement analysis of the manipulator. After, the input-output equations of velocity and acceleration are systematically obtained by resorting to the theory of screws. Numerical examples, which were successfully verified with the aid of special software like ADAMS©, are provided in order to show the application of the method. This work is a proof that screw theory is not an "old-fashioned" mathematical resource confined to the socalled first-order kinematics of rigid body.
